Abstract. We prove that every action of a finite group all of whose Sylow subgroups are cyclic on the K-theory of a Kirchberg algebra can be lifted to an action on the Kirchberg algebra. The proof uses a construction of Kirchberg algebras generalizing the one of Cuntz-Krieger algebras, and a result on modules over finite groups. As a corollary, every automorphism of the K-theory of a Kirchberg algebra can be lifted to an automorphism of the Kirchberg algebra with same order.
There are two ingredients of the proof of the main theorem. The first one is a construction of Kirchberg algebras O A; B using generators and relations coming from two matrices A; B A M N ðZÞ. This construction can be considered as a generalization of the one of Cuntz-Krieger algebras introduced in [CK] . We note that a similar construction can be found in [D] . The good points of our construction are that we can construct an action of a certain group on our C Ã -algebra O A; B by permuting generators, and we can compute the K-theory K Ã ðO A; B Þ as well as the induced action on it using two matrices A, B (Proposition 2.6). This enables us to reduce the lifting problem to a problem on modules over finite groups (Theorem 3.3) . The other ingredient is the result in [Ka5] which says that all modules have an a‰rmative answer to this problem for a finite group all of whose Sylow subgroups are cyclic (Theorem 1.6). Combining these two results, we get the main theorem stated above. This paper is organized as follows. Section 1 is devoted to preparation of some notation and results we need in the rest of this paper. In Section 2, we introduce the construction of a C Ã -algebra O A; B from two matrices A; B A M N ðZÞ satisfying a certain condition. We also define a group G A; B and its action on our C Ã -algebra O A; B . We state three results on O A; B which say that we can compute the K-theory K Ã ðO A; B Þ and the induced action of G A; B on it using two matrices A; B A M N ðZÞ (Proposition 2.6), O A; B is always separable, nuclear and in the UCT class (Proposition 2.9), and it is a Kirchberg algebra if A, B satisfy certain conditions (Proposition 2.10). Some parts of these results can be deduced from known results as explained in Section 4. The author tries to make this paper self-contained as much as possible, and complete and direct proofs of all the three results are provided in the latter half of this paper. In Section 3, we prove the main theorem using the construction and results in Section 2 and the result on group modules from [Ka5] . We also give several examples to which we can or cannot apply the main theorem, and show results on the splitting problem (Propositions 3.15, 3.18, 3.19) . In Section 4, we examine relations of our C Ã -algebras O A; B and the Cuntz-Krieger algebras O A , the topological graph algebras OðE A; B Þ and the Cuntz-Pimsner algebras O X A; B . We also explain which results in existing papers show which parts of the three results stated in Section 2.
In the rest of three sections, we give direct proofs of the three results on our C Ã -algebras O A; B in Section 2. In Section 5, we see that O A; B is always nuclear by examining the so-called core O T A; B of O A; B . Using this analysis, we show in Section 6 that O A; B becomes a Kirchberg algebra when A; B A M N ðZÞ satisfy certain three conditions. Finally in Section 7, we compute the K-theory of O A; B and an action of the group G A; B on it induced by the action G A; B 1 O A; B defined in Section 2. In the computation of the K-theories, we leave the proofs of two facts to two appendices. In Appendix A, we prove Lemma 7.6 which can be shown using [Pi] , Theorem 4.4. We try to make the proof very concrete, and to avoid KKtheory as much as possible. In Appendix B, we prove the last part of the proof of Proposition 7.10. Although this part is not used in the proof of the main theorem (see Remark 7.11), it is useful for examining several examples.
Preliminaries
In this section, we prepare some notation and results.
1.1. Notation. We denote by C the set of complex numbers, and by T H C the group consisting of complex numbers with absolute values 1. We denote by Z the abelian group of integers, and by N ¼ f0; 1; . . .g H Z the set of natural numbers. Let C be the set of non-zero countable cardinalities which consists of positive integers f1; 2; . . .g and the infinite countable cardinality y. For N A C, f1; 2; . . . ; Ng is a set with cardinality N. Here we promise that for N ¼ y, f1; 2; . . . ; Ng means the set of positive integers f1; 2; . . .g similarly as fp i g y i¼1 usually means fp 1 ; p 2 ; . . .g. We extend the addition on the set of positive integers to C by setting y þ N ¼ N þ y ¼ y for N A C. Then the set f1; 2; . . . ; N þ N 0 g has the same cardinality as f1; 2; . . . ; Ng q f1; 2; . . . ; N 0 g for N; N 0 A C.
For a set X , we denote by l 2 ðX Þ the Hilbert space whose complete orthonormal system is given by fd x g x A X . For a Hilbert space H, we denote by KðHÞ and BðHÞ the C Ã -algebras of all compact operators and all bounded operators on H, respectively. For a subset X of a C Ã -algebra, span X denotes the linear span of X , and span X denotes its closure.
We denote by AutðX Þ the group of automorphisms of a mathematical object X , such as a set, an abelian group or a C Ã -algebra. An action G 1 X of a group G on a mathematical object X is a homomorphism from G to AutðX Þ. For an action G 1 X , the automorphism of X defined by an element g A G is often denoted by the same symbol g. An abelian group G with an action of G is called a G-module. An isomorphism as G-modules means an isomorphism as abelian groups which is G-equivariant.
Permutation presentations of modules.
Let us take N A C. Let Z N be the free abelian group whose basis is given by fe i g N i¼1 . If an action G 1 f1; 2; . . . ; Ng is given, we can define an action G 1 Z N by gðe i Þ ¼ e gðiÞ . Thus we get a G-module Z N . We call such a module a countable permutation G-module. Definition 1.1. A countable permutation presentation of a G-module G is a Gequivariant exact sequence
where F is a countable permutation G-module.
We are going to see that a countable permutation presentation is presented by an N Â N-matrix with integer entries for some N A C. Let us take an action G 1 f1; 2; . . . ; Ng. This action makes Z N a countable permutation G-module. We set
j D i; j ¼ D gðiÞ; gð jÞ for all i; j and g A Gg:
It is easy to see that a matrix D is in M N ðZÞ G if and only if the homomorphism
G , the action G 1 Z N induces actions of G on the abelian groups ker D and coker D. Thus ker D and coker D become G-modules. We will denote by ½Á the natural surjection Z N ! coker D. The following observation is easy to see. Lemma 1.2. Giving a countable permutation presentation of a G-module G is same as giving N A C, an action G 1 f1; 2; . . . ; Ng, a matrix D A M N ðZÞ G with ker D ¼ 0 and an isomorphism coker D G G as G-modules. Example 1.3. Let G 1 G Z=2Z be a cyclic group generated by s with s 2 ¼ 1. Let G ¼ Z=3Z be a G 1 -module where an action of G 1 on G is defined by sðgÞ ¼ Àg. Then G has a countable permutation presentation which is represented by N ¼ 2, an action of G 1 on f1; 2g defined by sð1Þ ¼ 2 and sð2Þ ¼ 1, a 2 Â 2-matrix
with ker D ¼ 0, and an isomorphism coker D G G defined by ½e i 7 ! i for i ¼ 1; 2.
Example 1.4. Let G 2 G ðZ=2ZÞ Â ðZ=2ZÞ be a group generated by two elements s; t A G 2 with relations s 2 ¼ t 2 ¼ 1 and st ¼ ts. Let G ¼ ðZ=3ZÞ 3 be a G 2 -module where an action of G 2 on G is defined by
for a 1 ; a 2 ; a 3 A Z=3Z. This G 2 -module G has a countable permutation presentation which is represented by N ¼ 4, an action of G 2 on f1; 2; 3; 4g defined by s : 1 7 ! 2; 2 7 ! 1; 3 7 ! 4; 4 7 ! 3;
t : 1 7 ! 3; 2 7 ! 4; 3 7 ! 1; 4 7 ! 2; a matrix
with ker D ¼ 0 and an isomorphism coker D G G defined by
Example 1.5. The same formula as in Example 1.4 defines an action of G 2 on G 0 ¼ ðZ=4ZÞ 3 . We can show that this G 2 -module G 0 has no countable permutation presentations (see [Ka5] , Example 2.6).
In [Ka5] , we prove the following. Theorem 1.6 ([Ka5], Proposition 1.3 and Theorem 1.4). Let G be a finite group all of whose Sylow subgroups are cyclic. Then every countable G-module has a countable permutation presentation.
Note that if a finite group G has a non-cyclic Sylow subgroup, then the countable G-module called the augmentation ideal of G has no countable permutation presentations (see [Ka5] , Proposition 2.8).
1.3. K-groups and partial unitaries. Let A be a C Ã -algebra. For definitions and results of K-groups K 0 ðAÞ and K 1 ðAÞ, we consult the book [Bl] . We denote by ½ p the element in K 0 ðAÞ defined by a projection p A A. For a projection p A A, we say that u is a partial unitary with u
We denote byÃ A the minimal unital C Ã -algebra containing A. For a partial unitary u A A with u 0 ¼ p, we denote byũ u AÃ A the unitary u þ ð1 À pÞ. The element in K 1 ðAÞ defined by this unitaryũ u is denoted by ½u. For a partial unitary u A A with u 0 ¼ p, we define u n A A for n A Z by
Then u n A A is also a partial unitary with ðu n Þ 0 ¼ p and satisfies e u n u n ¼ũ u n for n A Z. For a finite family fu i g i of mutually orthogonal partial unitaries in A, the element u ¼ P
is a partial unitary. The family fũ u i g i of unitaries inÃ A is mutually commutative, and we haveũ u ¼ Q iũ u i . Hence we get ½u ¼ P i ½u i in K 1 ðAÞ.
Kirchberg algebras.
Definition 1.7. A Kirchberg algebra is a simple, separable, nuclear, purely infinite C Ã -algebra in the UCT class.
For a detailed definition and results of Kirchberg algebras, we consult the book [Rø] . We remark that in [Rø] , Definition 4.3.1, or some literatures, Kirchberg algebras are not assumed to be in the UCT class.
For a Kirchberg algebra A, we define K Ã ðAÞ by 
With these preparations, we can state the celebrated classification theorem due to Elliott, Kirchberg, Phillips and Rørdam as follows (see [Rø] , Proposition 4.3.3, Theorem 8.4.1).
Theorem 1.8. Let ðG 0 ; G 1 Þ be a pair of countable abelian groups. Then there exists a unique stable Kirchberg algebra A with K Ã ðAÞ G ðG 0 ; G 1 Þ, and for each g A G 0 there exists a unique unital Kirchberg algebra A with K Ã ðAÞ G ðG 0 ; g; G 1 Þ.
On the line of the proof of the theorem above, the natural homomorphism AutðAÞ ! Aut À K Ã ðAÞ Á is shown to be surjective for a Kirchberg algebra A. By compos-ing this surjection, an action of a group G on a Kirchberg algebra A induces an action of G on the K-theory K Ã ðAÞ of A. In particular, the two groups K 0 ðAÞ and K 1 ðAÞ become G-modules.
The
In this section, we construct a C Ã -algebra O A; B , a group G A; B and an action G A; B 1 O A; B from two matrices A A M N ðNÞ and B A M N ðZÞ. We also state three results on O A; B which will be proven in the latter half of this paper. It is routine to check that the definition above is well-defined. This action induces actions of G A; B on K 0 ðO A; B Þ and K 1 ðO A; B Þ. On the other hand, since I À A; I À B A M N ðZÞ G A; B , we get actions of G A; B on kerðI À AÞ, cokerðI À AÞ, kerðI À BÞ and cokerðI À BÞ. We obtain the following whose proof can be found in Section 7. We also get the following two propositions which will be proven in Sections 5, 6 and 7. Proof. See Section 6. r
The proof of the main theorem
In this section, we prove the main theorem (Theorem 3.5) using the results in the previous section and Theorem 1.6. The following lemma is an equivariant version of [Ka4] , Lemma 6.4. Note that the identity matrix I A M N ðZÞ corresponds to
We have the equality
Since the left and the right matrices in the multiplication above define G-equivariant iso-
Similarly, we have G-equivariant isomorphisms kerðI À BÞ G ker B 0 ; cokerðI À BÞ G coker B 0 :
We are done. r Proposition 3.2. Let G be a finite group, and G 0 , G 1 be G-modules which have countable permutation presentations. Then there exist N A C, an action G 1 f1; 2; . . . ; Ng and A; B A M N ðZÞ G satisfying the conditions (0), (1), (2) in Section 2 such that kerðI À AÞ ¼ kerðI À BÞ ¼ 0, cokerðI À AÞ G G 0 and cokerðI À BÞ G G 1 as G-modules.
Moreover, for each g A G 0 fixed by the action of G, we can find f A N N H Z N fixed by the action of G such that ½ f A cokerðI À AÞ corresponds to g A G 0 under the isomorphism above.
Proof.
and choose a bijection f1; 2; . . . ; N 0 g q f1; 2; . . . ; N 1 g G f1; 2; . . . ; N 0 g:
. . . ; Ng and A; B A M N ðZÞ G satisfying the conditions (0), (1), (2) in Section 2 such that kerðI À AÞ ¼ kerðI À BÞ ¼ 0, cokerðI À AÞ G G 0 and cokerðI À BÞ G G 1 as G-modules.
The isomorphism cokerðI À AÞ G G 0 gives us a surjection p :
The kernel of the surjection p is isomorphic to Z N because kerðI À AÞ ¼ 0:
Take an element g A G 0 fixed by the action of G. We can show that there exists f A Z N which is fixed by the action of G and satisfies pð f Þ ¼ g because the obstruction of such a lifting is encoded in the group cohomology H 1 ðG; ker pÞ G H 1 ðG; Z N Þ which can be shown to vanish easily (see [Ka5] , Remark 2.3 and Lemma 3.4 (1)). Let us
Repeating this argument, we get an element f A N N H Z N which is fixed by the action of G and satisfies pð f Þ ¼ g. We are done. r Theorem 3.3. Let G be a finite group, and A be a Kirchberg algebra. An action G 1 K Ã ðAÞ lifts to an action G 1 A if the induced two G-modules K 0 ðAÞ and K 1 ðAÞ have countable permutation presentations.
Proof. With the help of Theorem 1.8, it su‰ces to find a stable Kirchberg algebra A s with an action of G such that K Ã ðA s Þ G ðG 0 ; G 1 Þ G-equivariantly, and a unital Kirchberg algebra A u with an action of G such that K Ã ðA u Þ G ðG 0 ; g; G 1 Þ G-equivariantly for G-modules G 0 , G 1 having countable permutation presentations and g A G 0 fixed by the action of G.
Take G-modules G 0 , G 1 having countable permutation presentations. Let N A C, an action G 1 f1; 2; . . . ; Ng and A; B A M N ðZÞ G be as in the conclusion of Proposition 3.2. Set A :¼ O A; B which is a Kirchberg algebra by Proposition 2.10. Since A; B A M N ðZÞ G we have an action G 1 A, and by Corollary 2.7 we get K i ðAÞ G G i as G-modules for i ¼ 0; 1. Let K be the C Ã -algebra of all compact operators on the separable infinite dimensional Hilbert space l 2 ðNÞ. We define A s :¼ A n K which is a stable Kirchberg algebra. The action G 1 A extends to an action G 1 A s by acting K trivially, and we have a
Now take an element g A G 0 fixed by the action of G. By Proposition 3.2, there exists
of G, the projection p A A s is also fixed by the action of G. Hence the action G 1 A s globally fixes the unital Kirchberg algebra A u :¼ pA s p. By Proposition 2.6, the element ½ p A K 0 ðA s Þ corresponds to ½ f A cokerðI À AÞ and hence to g A G 0 by the isomorphisms
Remark 3.4. It seems to be possible to prove the theorem above using the construction in [Sp] .
Theorem 3.5. Let G be a finite group all of whose Sylow subgroups are cyclic and A be a Kirchberg algebra. Then every action G 1 K Ã ðAÞ lifts to an action G 1 A.
Proof. Combine Theorem 1.6 and Theorem 3.3. r Corollary 3.6. Let A be a Kirchberg algebra. Then every automorphism of K Ã ðAÞ can be lifted to an automorphism of A with same order.
Proof. For an automorphism of K Ã ðAÞ with infinite order, this follows from [Ki] , [Ph] . For an automorphism of K Ã ðAÞ with finite order n, this follows from Theorem 3.5 because a finite cyclic group Z=nZ satisfies the assumption of Theorem 3.5. r
We are going to see some examples to which we can or cannot apply Theorem 3.3 or Theorem 3.5. A unital Kirchberg algebra A is said to be in the Cuntz standard form if ½1 A ¼ 0 in K 0 ðAÞ. For n ¼ 2; 3; . . . ; y, we denote by O st n the unital Kirchberg algebra in the Cuntz standard form with isomorphic K-groups as the Cuntz algebra O n . Thus we have K Ã ðO st nþ1 Þ ¼ ðZ=nZ; 0; 0Þ for n < y and
Example 3.7. Let a finite group G 1 G Z=2Z and a G 1 -module G ¼ Z=3Z be as in Example 1.3. In this example, we construct a unital Kirchberg algebra A and an action G 1 1 A such that K 0 ðAÞ G G as G 1 -modules and K 1 ðAÞ ¼ 0 using the countable permutation presentation in Example 1.3. Note that 0 A G is the only element which is fixed by the action of G 1 .
Let us define an action G 1 1 f1; 2; 3; 4g by sð1Þ ¼ 2, sð2Þ ¼ 1, sð3Þ ¼ 4 and sð4Þ ¼ 3. These two matrices are obtained by applying the argument in the proof of Lemma 3.1 for
Although this Y does not coincide with the one obtained from A 0 , B 0 as in the proof of Lemma 3.1, we can still show that A, B satisfies the conditions (0), (1), (2) Example 3.8. Similarly as in the previous example, we see that the C Ã -algebra A ¼ O A; B is a unital Kirchberg algebra with an action G 1 1 A such that K 0 ðAÞ G K 1 ðAÞ G G as G 1 -modules where an action G 1 1 f1; 2; 3; 4g is same as in the previous example and A; B A M 4 ðZÞ G 1 is defined by
Example 3.9. Let a finite group G 2 G ðZ=2ZÞ Â ðZ=2ZÞ and a G 2 -module G ¼ ðZ=3ZÞ 3 be as in Example 1.4. We construct a unital Kirchberg algebra A and an action G 2 1 A such that K 0 ðAÞ G G as G 2 -modules and K 1 ðAÞ ¼ 0. Note that 0 A G is the only element fixed by the action of G 2 .
We define an action G 2 1 f1; 2; . . . ; 8g by s : 1 7 ! 2; 2 7 ! 1; 3 7 ! 4; 4 7 ! 3; 5 7 ! 6; 6 7 ! 5; 7 7 ! 8; 8 7 ! 7; t : 1 7 ! 3; 2 7 ! 4; 3 7 ! 1; 4 7 ! 2; 5 7 ! 7; 6 7 ! 8; 7 7 ! 5; 8 7 ! 6: 
B is a unital Kirchberg algebra, and the action G 2 1 f1; 2; . . . ; 8g defines an action G 2 1 A so that K 0 ðAÞ G G as G 2 -modules and K 1 ðAÞ ¼ 0.
We have G A; B G S 4 where S 4 :¼ Autðf1; 2; 3; 4gÞ. Thus we get an action S 4 1 A such that the action G 2 1 A is its restriction. The induced action S 4 1 K 0 ðAÞ G ðZ=3ZÞ 3 coincides with the natural action of S 4 on
Note that the group G 2 as well as S 4 does not satisfy the assumption of Theorem 3.5. Note also that the S 4 -module ðZ=3ZÞ 3 has a countable permutation presentation as we can see from the matrix A above or the matrix D in Example 1.4.
Example 3.10. The author does not know how to construct a Kirchberg algebra A and an action G 2 1 A such that K 0 ðAÞ is isomorphic to the G 2 -module G 0 ¼ ðZ=4ZÞ 3 in Example 1.5.
Example 3.11. Let G 2 G ðZ=2ZÞ Â ðZ=2ZÞ be as in the two previous examples. Let G ¼ Z=8Z be a G 2 -module where an action of G 2 on G is defined by sðgÞ ¼ Àg and tðgÞ ¼ 3g. In [Ka5] , Example 2.7, we saw that the G 2 -module G has no countable permutation presentations. Thus we cannot apply Theorem 3.3 nor Theorem 3.5. However Lemma 3.12 below together with Theorem 3.5 shows that there exists a unital Kirchberg algebra A in the Cuntz standard form and an action G 2 1 A such that K 0 ðAÞ G G as G 2 -modules and K 1 ðAÞ ¼ 0. By Theorem 1.8, we see that A G O st 9 . This example shows that neither conditions in Theorem 3.3 nor Theorem 3.5 is necessary.
Lemma 3.12. Let G be a finite group, and A be a unital Kirchberg algebra in the Cuntz standard form. Suppose that G decomposes as a product G ¼ G 1 Â G 0 where G 1 and G 0 are subgroups of G such that G 1 ¼ f1; sg G Z=2Z. Then an action G 1 K Ã ðAÞ lifts to an action G 1 A if the restricted action G 0 1 K Ã ðAÞ lifts to an action G 0 1 A and sðxÞ ¼ Àx for all x A K i ðAÞ with i ¼ 0; 1.
Proof. By Theorem 3.5, there exists an action G 1 1 O st y such that the induced action Example 3.14. The author does not know how to construct a unital Kirchberg algebra A and an action G 2 1 A such that K 0 ðAÞ is isomorphic to G 2 -module G in Example 3.11 and ½1 A A K 0 ðAÞ corresponds to 4 A G which is fixed by the action of G 2 . Thus it seems that in practice we need to worry about the position ½1 A A K 0 ðAÞ when considering the lifting problem.
We finish this section by considering the splitting problem stated in the introduction of this paper. The following is easy to see. [Sc] , 5.7.11 and 5.7.12, for the proof). Let us write n ¼ 2
m for a non-negative integer l 0 , positive integers l 1 ; . . . ; l m and distinct odd prime numbers p 1 ; . . . ; p m . When l 0 ¼ 0 or 1 we have
and when l 0 f 2 we have
Under these isomorphisms, the element À1 A ðZ=nZÞ Â corresponds to
in the former case, and to
in the latter case. From these computations, we get the following two lemmas whose proofs are omitted. Proof. Follows from Theorem 3.5, Lemma 3.12, Lemma 3.16 and Lemma 3.17. r Note that a finite abelian group satisfies the assumption of Theorem 3.5 if and only if it is cyclic. Positive integers n which do not satisfy the assumption in Proposition 3.18 are n ¼ 24; 40; 48; 56; 60; 63; 65; 72; 80; 84; 85; 88; 91; 96; 104; 105; 112; 117; 120; . . . : It is clear that a similar statement of Proposition 3.18 holds for stable Kirchberg algebras O nþ1 n K. For a unital Kirchberg algebras M k ðO nþ1 Þ which is not in the Cuntz standard form, the author does not know the answer of the splitting problem except the case Aut
is cyclic in which Theorem 3.5 gives an a‰rmative answer. In particular, he does not know the answer for M 4 ðO 9 Þ (Example 3.14). However the following proposition says that in generic cases Aut
Þ ÁÁ is cyclic and hence the splitting problem has an a‰rmative answer by Theorem 3.5. We omit the routine proof. 
is a cyclic group, and hence the surjection Aut
Remark 3.20. In [I] , Subsection 6.3, Izumi discussed a problem which is similar to the splitting problem in this paper. His problem is equivalent to our splitting problem for a Kirchberg algebra A with K i ðAÞ ¼ 0 for i ¼ 0 or 1. By Proposition 3.18, the surjection AutðO
Þ Á splits if n is a power of a prime number. This extends the latter statement of [I] , Theorem 6.12, and the result explained in [I] , Remark 6.13. The former statement of [I] , Theorem 6.12 can also be extended by the following corollary of Theorem 3.3.
Corollary 3.21. Let G be a finite group, and A be a Kirchberg algebra. An action G 1 K Ã ðAÞ lifts to an action G 1 A if the induced two G-modules K 0 ðAÞ and K 1 ðAÞ are cohomologically trivial.
Proof. By [Br] , Theorem VI.8.12, and [Ka5] , Proposition 3.1, every countable cohomologically trivial module has a countable permutation presentation. Hence Theorem 3.3 shows the conclusion. r 4. Relations to other classes of C Ã -algebras 4.1. Cuntz-Krieger algebras. In this subsection, we see relations between our C Ã -algebras O A; B and the Cuntz-Krieger algebras O A introduced in [CK] and generalized in [EL1] , [KPR] and other papers. Recall that the Cuntz-Krieger algebra O A of a matrix A A M N ðNÞ is the universal C Ã -algebra generated by mutually orthogonal projections fp i g N i¼1 and partial isometries fs ðnÞ i; j g ði; jÞ A W A ; n A f1;2;...; A i; j g satisfying the relations (ii) and (iii) in Definition 2.2. When N ¼ y, O A should be called the Exel-Laca algebra or the graph algebra of the row-finite graph associated with A (see [EL1] or [Ra] , Chapter 2). Take N A C and A; B A M N ðZÞ satisfying the condition (0), and fix them. We will show that the natural map O A ! O A; B is injective. To this end, we need the following definition and proposition. 
, and fSðnÞ i; j g ði; jÞ A W A ; n A Z on the Hilbert space l 2 ðF y Þ by
Then it is routine to check that these operators satisfy the relations (i) to (iii) in Definition 2.2. For each i A f1; 2; . . . ; Ng we can find m A W y A with m 0 ¼ i because W A ðiÞ 3 j for all i. Hence P i 3 0 for all i. We are done. r As a corollary of this proposition, we get the following. We say that B A M N ðZÞ has a zero row if there exists i A f1; 2; . . . ; Ng with B i; j ¼ 0 for all j A f1; 2; . . . ; Ng. Otherwise we say that B A M N ðZÞ has no zero rows. for all i A f1; 2; . . . ; Ng, ði; jÞ A W A , n; n 0 A f1; 2; . . . ; A i; j g and k; k 0 A Z with n þ kB i; j ¼ n 0 þ k 0 A i; j ð¼ mÞ. The following proposition says that the C Ã -algebra O A; B can be defined to be the universal C Ã -algebra generated by the product of the CuntzKrieger O A H O A; B and the unitary u A MðO A; B Þ with the commutation relations above. [Ka1] , a notion of topological graphs was introduced, and a construction of a C Ã -algebra OðEÞ from a topological graph E was given. This construction generalizes the one of Cuntz-Krieger algebras or more generally of graph algebras. In [Ka4] , Definition 6.1, a topological graph E A; B was constructed from two matrices A A M y ðNÞ and B A M y ðZÞ such that A i; j ¼ 0 implies B i; j ¼ 0, and in [Ka4] , Proposition B.1, generators and relations of the C Ã -algebra OðE A; B Þ were provided. The definition of the C Ã -algebra O A; B is motivated by these generators and relations of OðE A; B Þ, and in fact by [Ka4] , Proposition B.2, we have O A; B G OðE A; B Þ for A; B A M y ðZÞ satisfying the condition (0) if B has no zero rows. As pointed out in [Ka4] , Remark 6.3, a similar construction of a topological graph E A; B from A; B A M N ðZÞ satisfying the condition (0) for N < y is possible, and we can show O A; B G OðE A; B Þ if B has no zero rows. However in the case that B has a zero row, the natural surjection from OðE A; B Þ to O A; B is never injective because there exists a restriction ''v A E 0 rg X E 0 m '' in the relation (iii) of [Ka4] , Proposition B.2, although we do not consider the corresponding restriction when defining O A; B . This restriction looks natural from the graph algebraic point of view (cf. the fact that the Cuntz-Krieger relation (CK2) is not assumed at sources in p. 6 of [Ra] ). We do not adopt this restriction because this seems to be unnatural from our point of view in this paper, and makes the computation of K-groups in Proposition 2.6 complicated.
In the case that B has no zero rows, the computation of K-groups in Proposition 2.6 without considering G A; B -actions follows from [Ka4] , Lemma 6.2, and Proposition 2.9 follows from [Ka1] , Propositions 6.1 and 6.6. Even when B has a zero row, we can get Proposition 2.9 using the theory of topological graph algebras with extra e¤orts. We give direct complete proofs of them in the following three sections without this restriction on B because we naturally get it on the way to other results.
We can show Proposition 2.10 from [Ka4] , Proposition 6.5, if N ¼ y, and by repeating a similar argument we can show it for N < y. For the readers' convenience, we give a self-contained proof of Proposition 2.10 in Section 6 instead of forcing the readers follow long arguments from [Ka1] to [Ka4] which are too long and too general for our purpose.
Cuntz-Pimsner algebras.
In [Pi] , Pimsner introduced a construction of a C Ã -algebra O X from a C Ã -correspondence X which was called a Hilbert bimodule in [Pi] . This C Ã -algebra O X is now called a Cuntz-Pimsner algebra, and it generalizes Cuntz-Krieger algebras. From N A C and two matrices A; B A M N ðZÞ satisfying the condition (0), we can define a full C Ã -correspondence X A; B ðG L ði; jÞ A W A CðTÞÞ over a commutative C Ã -algebra
A N G C 0 ðf1; 2; . . . ; Ng Â TÞ in a similar way as in [Ka4] , and show that the CuntzPimsner algebra O X A; B is isomorphic to our C Ã -algebra O A; B . We remark that in [Ka2] a modified construction of Cuntz-Pimsner algebras was proposed so that it generalizes topological graph algebras, but here we mean the original definition of Cuntz-Pimsner algebras. Hence the natural Ã-homomorphism A N ! O X A; B is injective if and only if the left action of the C Ã -correspondence X A; B is faithful which turns out to be equivalent that B has no zero rows (cf. Corollary 4.3). We also note that the Toeplitz algebra T X A; B defined in [Pi] is isomorphic to the C Ã -algebra T A; B which will be defined in Definition 7.1, and that we have
X A; B G spanfs ðnÞ i; j j ði; jÞ A W A ; n A Zg H T A; B :
In the proof of Proposition 2.6, we use the brilliant idea of Pimsner in [Pi] , Section 4, for computing the K-groups of Cuntz-Pimsner algebras. We repeat Pimsner's argument in our terminology in Section 7 because the left actions of our C Ã -correspondence X A; B need not be faithful although it was assumed to be faithful in [Pi] , and because we also have to compute G A; B -actions on the K-groups of O A; B . When B has no zero rows, Proposition 2.9 follows from the theory of Cuntz-Pimsner algebras (see [Ka3] for example). 
Structures and the nuclearity of O
It is routine to check that this is well-defined, and s x satisfies s
By the following lemma, O alg A; B is the Ã-algebra generated by the generators fp i ; u i ; s ðnÞ i; j g, and hence dense in O A; B .
Lemma 5.1. For x A F k and h A F l with k; l A N, we have the following:
When k f l, we have either s
When k ¼ l f 1, we have s 
are subsets of F k defined in the proof.
Proof. For k A N and i A f1; 2; . . . ; Ng, we define ðW
A with a positive integer k, let X m H F m be the image of the map
Then it is routine to see that the map above is injective, and each x A F m can be uniquely written as 
and n A Z. It is well-defined and we have kak ¼ ka i k ¼ max z kj z ða i Þk by the proof of Lemma 5.2. Take z A T with kak ¼ kj z ða i Þk.
which converges in the norm topology and satisfies kbk ¼ 1. By Lemma 5.1, where dz is the normalized Haar measure on T.
Hence for x A F k and h A F l we have
Proof. By the relation (iii) in Definition 2.2, we have C In this section, we prove Proposition 2.10. We need the following lemma.
Lemma 6.1. Let K be an integer greater than 1. Let A be a unital C Ã -algebra which has a unitary u A A and an isometry s A A satisfying that s Ã u n s ¼ 0 for n ¼ 1; 2; . . . ; K À 1 and u K s ¼ su. Then for k A N and a function f A CðTÞ which is 1 on some non-empty open subset of T, there exist k 0 A N with k 0 f k and a function g A CðTÞ such that v :¼ gðuÞs k 0 A A is an isometry satisfying f ðuÞv ¼ v and v Ã u n s l v ¼ 0 for all n A Z and l A f1; 2; . . . ; kg.
Proof. We define a linear map E : CðTÞ ! CðTÞ by
for g A CðTÞ and z A T. Then the map E is characterized by the contracting linear map satisfying
& where z A CðTÞ is the identity function. Since we have
Take k A N and a function f A CðTÞ which is 1 on some non-empty open subset of T. Then we can find a real number t 0 , and k 0 A N with k 0 f k such that f is 1 on 
Choose f A CðTÞ which is 1 on some non-empty open subset of T, and satisfies k f 0 À Cf k < e. Set s :¼ s ð0Þ i; i . Since B i; i ¼ 1, two elements u i and s satisfy the assumptions of Lemma 6.1 for K ¼ A i; i f 2 in the C Ã -algebra generated by them. Applying Lemma 6.1 to k A N and f A CðTÞ, we get k 0 A N with k 0 f k and g A CðTÞ such that
. . . ; kg. We set a 0 :¼ bv. Then we have ka 0 k e 1. We will show a
l 1 and h A F l 2 with l 1 ; l 2 e k and l 1 3 l 2 . We may assume l 1 > l 2 . We set l :¼ l 1 À l 2 A f1; 2; . . . ; kg. By Lemma 5.1, we see
Hence it su‰ces to show v
l 1 and h A F l 2 with l 1 ; l 2 e k and l 1 3 l 2 . Therefore we obtain
On the other hand, we have v
We are done. r Proof of Proposition 2.10. One can easily check that if A, B satisfy the conditions (0), (1) and (2), the projection p i A O A; B is full and properly infinite for all i. This fact and Proposition 6.2 show that the C Ã -algebra O A; B is simple and purely infinite. r
K-theory of O A; B
In this section, we give the proof of Proposition 2.6 using the idea in [Pi] , Section 4. Let us take N A C and A; B A M N ðZÞ satisfying the condition (0). Proof. The proof is very similar to the one of Proposition 4.2. It su‰ces to find
, and fSðnÞ i; j g ði; jÞ A W A ; n A Z on some Hilbert space such that they satisfy the relations (i), (ii) and (iii) 0 and the spectrum of
Sðn þ B i; j Þ i; j SðnÞ Ã i; j contains T for each i A f1; 2; . . . ; Ng. 
, and fSðnÞ i; j g ði; jÞ A W A ; n A Z on the Hilbert space l 2 ðF Ã Þ by
Then it is routine to check that these operators satisfy the relations (i), (ii) and (iii) 0 . We see that for each i A f1; 2; . . . ; Ng the operator U Proof. Since the C Ã -algebra A N is commutative, Lemma 7.6 and Lemma 7.7 show that T A; B and J A; B are in the UCT class (see [Rø] , Definition 2.4.5). Now the ''two out of three principle'' ( [Rø] , Proposition 2.4.7 (i)) shows that O A; B G T A; B =J A; B is in the UCT class. r For each i, we have
½s ðnÞ i; j s ðnÞ
This shows the result on K 0 . For ði; jÞ A W A , we define a partial unitary Thus we get the desired G A; B -equivariant short exact sequences. Since kerðI À AÞ and kerðI À BÞ are free abelian groups, these sequences split. That we can find G A; B -equivariant splitting maps will be proven in Appendix B. r Remark 7.11. In the proof of main theorem in Section 3, we only use Proposition 7.10 for the case kerðI À AÞ ¼ kerðI À BÞ ¼ 0 and hence we do not need the results on G A; B -equivariant splitting maps. However in order to compute examples, it is important to show that there exist G A; B -equivariant splitting maps.
Appendix A. Proof of Lemma 7.6.
In this appendix, we give a proof of Lemma 7.6 in an explicit way, following the argument in [Ka3] , Appendix C, which was inspired by the original proof in [Pi] . We first need the following proposition which has own importance. 
Similarly as in Lemma 5.5, we have
Hence in order to show J Proof. By Proposition A.1, j is injective if and only if its restriction to J A; B is injective. This happens exactly when the restriction of j to the image of the Ã-homomorphism p : A N ! J A; B in Lemma 7.7 is injective. This condition is equivalent to that the spectrum of jðu 0 i Þ contains T for every i A f1; 2; . . . ; Ng. r Recall that for two (separable) C Ã -algebras A and B, the KK-group KKðA; BÞ is an abelian group such that a homotopy equivalence class of a Ã-homomorphism j : A ! B defines an element ½j of KKðA; BÞ (see [B1] , Chapter VIII, for definitions and results stated below). We say that a Ã-homomorphism j : A ! B is a KK-equivalence if the element ½j A KKðA; BÞ has an inverse in KKðB; AÞ with respect to the Kasparov product. The facts on KK-equivalences we use in the following argument are summarized as follows:
A composition of two KK-equivalences is a KK-equivalence. Let j i : A i ! A iþ1 for i ¼ 1; 2; 3 be Ã-homomorphisms. If both j 2 j 1 and j 3 j 2 are KK-equivalences, then all the three Ã-homomorphisms j 1 , j 2 , j 3 are KK-equivalences.
An inclusion map of a hereditary and full C Ã -subalgebra is a KK-equivalence.
Let 0 ! I ! A ! B ! 0 be a splitting short exact sequence. If B is contractible, then the map I ! A is a KK-equivalence.
A Ã-homomorphism A ! B is a KK-equivalence if and only if the induced Ã-homomorphism SA ! SB is a KK-equivalence.
Here we define SA ¼ C 0 À ð0; 1Þ; A Á for a C Ã -algebra A. A KK-equivalence induces isomorphisms of K-groups, and conversely a Ã-homomorphism A ! B inducing isomorphisms of K-groups is a KK-equivalence if A and B are in the UCT class. It is easy to see that the five statements above are still valid if we replace ''KK-equivalence'' to ''Ã-homomorphism inducing isomorphisms of K-groups''.
Let us take A; B A M N ðZÞ satisfying the condition (0). We will show that the inclusion A N ,! T A; B is a KK-equivalence. For k; l A N, we define
Note that the map defined in the proof of Lemma 7.3 is nothing but ði; jÞm defined here, and that we have ðimÞm 0 ¼ iðmm 0 Þ. We denote by the same symbol s i the homomorphism F m; m 0 ! F im; m 0 induced by the homomorphism s i : F mm 0 ! F imm 0 defined in the proof of Lemma 7.3. We define a Ã-homomorphism r : 
We define
Then r induces the Ã-homomorphism D !D D which is also denoted by r. We have the following splitting short exact sequences:
Since C 0 À ðÀ1; 0; T A; B Á is contractible, the inclusion map SJ A; B ,! D is a KK-equivalence. The Ã-homomorphism SA N ! SJ A; B induced by the Ã-homomorphism p is a KKequivalence because so is p by Lemma 7.7. Hence the composition of these two Ã-homomorphisms which is denoted by j : SA N ! D is a KK-equivalence. Since the map p p : T A; B ! K is an injection onto a full and hereditary C Ã -subalgebra of K, we can show in a very similar way as above that the Ã-homomorphismj j : ST A; B !D D induced byp p is a KK-equivalence. We getj j i ¼ r j where i : SA N ,! ST A; B is the embedding map. n i e i A kerðI À BÞ H Z n via the natural isomorphism K 1 ðJ A; B Þ G Z n . Hence the map f 7 ! ½U f is a splitting map for the surjection K 0 ðO A; B Þ ! kerðI À BÞ.
In a similar way as above, one can show that the other surjection K 1 ðO A; B Þ ! kerðI À AÞ in Proposition 7.10 also has a G A; B -equivariant splitting map. However for this surjection, we can use the well-known computations of K-groups of CuntzKrieger algebras O A as follows (cf. [EL2] ). Let B N H A N be the C Ã -subalgebra generated by fp i g N i¼1 . Thus B N G C N . In a similar way as Lemma 7.6 and Lemma 7.7, we can show that the restrictions B N ! T A and B N ! J A of Ã-homomorphisms in the two lemmas are KK-equivalences. From these facts and an easy diagram chasing, we get the conclusions. r
